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Two dynamical systems are considered equivalent if their
bifurcation diagrams (or part of their bifurcation diagrams) are topologically equivalent. Hence, the two systems display the same bifurcation behaviour. In addition
to this, we propose that the input-output behaviour of the
systems and the behaviour of small networks of the systems will be qualitatively similar. To support this claim, a
second order system, which is equivalent to the HodgkinHuxley(HH) neuron, is presented. The HH neuron [1] is
the standard biologically plausible model of the electrical
activity in a neuron. It consists of four coupled nonlinear
ordinary differential equations that relate the potential
across the neuron's membrane to three ionic currents
flowing through the membrane and an externally applied
current. The second order system, with u and μ as the
bifurcation parameters,

(

r = r (σ 0(μ ) + τ 0(μ )u − u 2 ) + (σ 1(μ ) + τ 1(μ )u)r − r 2

φ = ω 0

bifurcation parameters (see Fig. 1). It also reproduces
much of the input-output behaviour of the HH neuron.
When single input pulses are applied to the second order
neuron and the HH neuron, both neurons switch from
their stable equilibria to stable limit cycles and back again
at the same time. When a continuous train of input pulses
or a sinusoidal input are applied, both neurons oscillate

)

with r ≥ 0, φ ∈ [0, 2π] and σ0(μ) = -μ2, τ0(μ) = 1-μ, σ1(μ)
= -2μ and

⎧ 2μ 2 ,
for μ ≥ μ 2
⎪ u2
τ 1(μ ) = ⎨
⎪ 2 μ + 2 ( μ −(u 2 −1) ) ( μ − μ 2 ) , for μ ≤ μ 2
u2 + μ 2 − μ
⎩
can approximate the two-parameter bifurcation diagram
of the HH neuron, with the input current (I) and the
potassium current equilibrium potentials (E>K) as the
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Two-parameter bifurcation diagrams of the HH neuron
(solid lines) and the second order neuron (dotted lines) in
the u-μ parameter. The supercritical Hopf, subcritical Hopf
and double limit cycle bifurcation curves are labelled sH, uH
and dc.
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Figure 2 spectra of the HH neuron (upper plot) and the second order neuron (lower plot)
Frequency
Frequency spectra of the HH neuron (upper plot) and the second order neuron (lower plot). The dotted spectra are with no
input to the neurons and the solid spectra are with a continuous train of input pulses.

at the frequency of the input signal once its amplitude is
large enough (see Fig. 2). In addition, the oscillations of
two second order neurons synchronise when the neurons
are coupled, replicating the behaviour of two coupled HH
neurons. These results indicate that nonlinear dynamical
systems, which have topologically equivalent bifurcation
diagrams, will have qualitatively similar input-output
behaviour and qualitatively similar network behaviour as
well as the same bifurcation behaviour.
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